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Abstract
We propose an efficient lattice procedure which permits to obtain European
and American option prices under the Black and Scholes model for digital
options with barrier features. Numerical results show the accuracy of the
proposed method.
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1 Introduction
Tree-based algorithms for option pricing are studied since the seminal work of Cox et
al. (1979) and turn out to be very simple and fast to be implemented by a backward
induction. An important characteristic which makes these procedures very appealing
is that they easily include American-style features once the European case is treated
and well setup. This makes lattice techniques widely used in the practice because
although many progresses have been done in the development of exact formulas or
other numerical procedures (Monte Carlo, finite differences, etc.) for European op-
tion prices, the American counterparts, that involve a control problem, are not so
well-provided. We consider here the Black and Scholes model, see Black&Scholes
(1973) and Merton (1973), which is either classical and still widely used in finance.
It means that the underlying asset price process evolves as a geometric Brownian
motion. Here, option prices can be computed by using the simple tree method due
to Cox et al. (1979) (CRR). However financial derivatives have been becoming more
and more sophisticated and this means that the standard implementation of the
CRR binomial tree brings to further errors in the approximation of the Black and
Scholes prices. This is the reason why it becomes important to setup “efficient tree
schemes”, i.e. tree methods which allow one to reduce the approximation errors.
We propose here a lattice scheme for pricing digital barrier options. In particular
a digital call option is an option whose payoff is equal to a fixed amount (in what
follows we suppose this amount is equal to 1) if the underlying asset at maturity is
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greater than a predetermined level (the strike price K) or nothing otherwise. Prac-
titioners that trade these products essentially predict the direction of the market
without concerning in the specific the magnitude of the movements of the underly-
ing asset price. One of the benefits with respect to standard products is that the
investment and the returns are fixed, so the risk involved and the potential losses
are known a priori. Digital options can also include barrier levels: they can be acti-
vated or nullified if the underlying asset price process reaches certain contractually
specified levels. This more complex option can be used as a financial tool embedded
in sophisticated products, such as accrual range notes. These notes are financial
securities that are linked for example to a foreign exchange rate and then they pay
a fixed interest accrual if the exchange rate remains within a specified range and
nothing otherwise, see Wystup (2006) and also Hui (1996).
European digital options with barrier features have a known closed-form pric-
ing formula both for a single barrier and for double barriers that can be easily
derived from the corresponding formulas in the standard case, for the latter ones
we can refer for instance to Reiner&Rubinstein (1991) in the single barrier case and
Ikeda&Kunitomo (1992) in the double barrier case. As far as we know, the literature
of American exotic options suggests no approximation formulas for digital barrier
options. Our objective is then to treat the option pricing problem related to these
options by using lattice techniques. In particular we propose an efficient method for
the pricing of European digital call options with a single barrier and then, conse-
quently, we also get a good method for the case of American-style options.
To this end, we first need to find an explicit asymptotic expansion of the clas-
sical CRR binomial approximation error, that is the difference between the price
computed with the CRR tree and the Black and Scholes price. Then we setup an
algorithm such that it behaves “well”, in the sense that the worst contribution in
the asymptotic expansion (which turns out to be of order 1√
n
, where n ∈ N is the
number of time steps of the tree) is nullified.
It is well known that the rate of convergence of the CRR tree for vanilla options
on continuous payoff functions is of order 1
n
, see for example Walsh&Walsh (2002),
Diener&Diener (2004) and Chang&Palmer (2007). Moreover the results known from
the literature when dealing with barrier options always require the continuity on the
payoff function. For double barrier options on a general class of continuous payoff
functions we can refer to Gobet (2001) and in the more specific case of call options
to Lin&Palmer (2013). We recall that here the rate of convergence is of order 1√
n
and this is due to the fact that the contractual barriers do not necessarily coincide
with the effective barriers on the tree structure. On the other hand when the pay-
off is assumed to be discontinuous the analysis of the rate of convergence of the
binomial algorithm is given only for vanilla options, see Walsh&Walsh (2002) and
Chang&Palmer (2007). Also in this case the rate of convergence is of order 1√
n
, but
now it is caused by the position of the discontinuity points of the payoff functions
on the lattice.
In this framework we treat the study of the CRR binomial approximation error
in the case of digital options with a single barrier and we get a complete theoretical
result that allows us to construct an efficient algorithm. In particular we fit the
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Binomial Interpolated Lattice (BIL) algorithm provided in Appolloni et al. (2013)
to this specific case. We recall that the BIL procedure is based on a backward in-
duction on a binomial mesh with additionally suitable interpolations that allows one
to get very precise option prices for call and put double barrier options. We adapt
this procedure to the case of digital call and put options with a single barrier and
the numerical results show that we get very reliable and accurate option prices.
The paper is organized as follows. In Section 2 we describe the continuous-time
model for the evolution of the underlying asset price process. In Section 3 we propose
our theoretical contribution on the asymptotic expansion of the CRR approximation
error for European digital options with barrier features. The numerical results are
shown in Section 4.
2 The model
We consider a market model in the time interval [0, T ] where the evolution of the
risky asset (St)t∈[0,T ] is governed by the Black-Scholes stochastic differential equation
dSt
St
= rdt+ σdBt, S0 = s0 > 0, (1)
where (Bt)t∈[0,T ] is a standard Brownian motion under the risk neutral probability
measure. The non-negative constant r is the risk-free interest rate and σ is the
constant volatility parameter.
A digital call barrier option is a contract whose payoff is equal to 1 if the underlying
asset price at maturity is greater than the strike price K, and nothing otherwise.
Moreover, the payoff also depends on whether the underlying stock price path ever
touches certain price levels called barriers. Once either of these barriers is breached,
the status of the option is immediately determined: either the option comes into
existence if the barrier is a knock-and-in type or it ceases to exist if the barrier is a
knock-and-out type. In what follows we will consider the knock-and-out type, the
knock-and-in type being similar.
We recall that the payoff of a digital call option with lower barrier L is given by
1ST≥K1Sinf>L, (2)
where Sinf = inft∈[0,T ] St. The case of a digital call option with higher barrier H is
similar, as well as the case of the corresponding digital put options with a single
barrier.
The Black and Scholes prices of European options whose payoff is equal to the
one given in (2) can be found in Reiner&Rubinstein (1991). No analytical approxi-
mations are available for option prices when the payoff is as in (2) in the American
case.
3 The CRR binomial approximation error
Starting from the model described in Section 2, we analyze here the error committed
by using the CRR tree method for pricing European digital call options with a single
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barrier. If n ∈ N denotes the number of time steps of the tree, we define the CRR
binomial approximation error as follows
ErrCRR(n) = priceCRR(n)− priceBS, ∀n ∈ N (3)
where priceCRR(n) denotes the price calculated by using the CRR tree scheme and
priceBS is the Black and Scholes price.
We briefly recall here the idea of the CRR tree scheme. Let us fix an integer n ∈ N.
We first define ∆τ = T/n, where T is the maturity of the option, and then we build
a binomial tree with n steps of length ∆τ . If we label (0, 0) the starting node that
corresponds to the value S0 = s0, then after i time steps (i = 0, 1, ..., n), the discrete
process may be located at one of the nodes (i, j) (j = 0, 1, ..., i) corresponding to
the values
Si,j = s0e
(2j−i)σ√∆τ . (4)
Hence, starting from Si,j at time ih, the process may jump at time (i + 1)h to the
value Si+1,j+1 or the value Si+1,j with probability p and 1− p respectively, where p
is defined as
p =
er∆τ − d
u− d (5)
and u = eσ
√
∆τ = d−1. European and American prices at time 0 are then obtained
by applying the classical backward induction.
We now develop some argumentations described in Chang&Palmer (2007) and
Lin&Palmer (2013). We consider the case of a digital call option with a lower barrier
L, the other cases of digital options with a single barrier being similar. The idea
is to find a closed-form formula in terms of binomial coefficients of the option price
following Reimer&Sandmann (1995) and then use the approximation of the binomial
distribution by the normal one as suggested in Lin&Palmer (2013) in order to find
explicit coefficients in the asymptotic expansion.
We first stress that we need the binomial prices of digital call options with lower
barrier L of the two following types:
1. a down-and-in call option with L < K;
2. a down-and-out call option with L > K.
In these two cases the binomial formulas are manageable and permits a simple treat-
ment. Then, by using the binomial formulas for the corresponding vanilla digital call
option, it is possible to find the asymptotic expansion of the error for a down-and-
out digital call option with L < K and a down-and-in digital call option with L > K.
Let us first introduce two quantities, that will have a crucial role in what follows,
as defined in Chang&Palmer (2007) and Lin&Palmer (2013), that we call ∆Kn and
∆Ln . The quantity ∆
K
n is set as
∆Kn = 1− 2frac
(
log(s0/K)
2σ
√
∆τ
− n
2
)
, (6)
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where for every real number x, the fractional part of x is defined as frac(x) = x−bxc,
with bxc indicating the largest integer preceding x. We observe that ∆Kn is a measure
of the position of K in the log-scale in relation to two adjacent terminal stock prices.
In fact if we define jK the integer such that
Sn,jK−1 = s0u
jK−1dn−jK+1 < K ≤ Sn,jK = s0ujKdn−jK ,
then ∆Kn = −1 if logK is the node logSn,jk−1 at maturity, ∆Kn = 0 if logK lies
halfway between the two nodes logSn,jk−1 and logSn,jk at maturity (i.e. it is a node
from the first period before maturity) and ∆Kn = 1 if logK is the node logSn,jk at
maturity.
We now describe a similar quantity corresponding to the lower barrier L that we
call ∆Ln . First, we call L˜ the effective barrier on the tree structure, that is generally
different from the contractual barrier L. Let us suppose that jL is the number of up
jumps required to reach L˜. We define
∆Ln = frac(2lL), with lL =
log L
s0
2σ
√
∆τ
+
n
2
.
Then the effective barrier L˜ can be written as L˜ = s0u
j˜Ldn−j˜L , where
j˜L = jL +
1
2
(1− n),
with
jL =
1
2
b2lLc
and
n =
{
0, if the effective barrier is not a terminal stock price,
1, if the effective barrier is a terminal stock price.
The quantity ∆Ln ∈ [0, 1] measures in the log-scale the position of L in relation to
two adjacent stock prices, one of which is a node at maturity and the other is a
node of the first time before maturity. In the special cases in which ∆Ln = 0 and
∆Ln = 1 we get that the effective barrier L˜ lies exactly on a node of the tree (for a
more detailed discussion on this see Lin&Palmer (2013)).
We now need to introduce some notations as in Reimer&Sandmann (1995). We
define pid(n, j, j˜L) as the price at time 0 of a security which pays on unit at time T
if the asset price at the time step n is equal to Sn,j = s0u
jdn−j and if there exists
a pair (i, l) with i ∈ {0, ..., n} and l ∈ {0, ...i}, such that Si,l = s0uldi−l ≤ L˜, and
otherwise nothing, i.e.
pid(n, j, j˜L) = e
−rTE[1SnT=Sn,j · 1∃ i≤n,∃ l≤i:Si,l=s0uldi−l≤L˜]
= e−rTP(SnT = Sn,j;∃ i ≤ n,∃ l ≤ i : Si,l ≤ L˜),
(7)
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where (Snti)i=0,1,...,n, with ti = i∆τ for every i = 0, 1, ..., n, denotes the discrete
approximation of Sih, so in particular S
n
tn = S
n
T is the discrete approximation of ST .
In order to calculate (7), we first need to count the number of paths Zd(n, j, j˜L) in
the binomial tree which reach the terminal stock price Sn,j after touching or passing
through the effective barrier L˜. The reflection principle (see Feller (1968)) yields
the number Zd(n, j, j˜L) that for every j = 0, ..., n is equal to
Zd(n, j, j˜L) =

(
n
j
)
, if j ≤ j˜L,(
n
2j˜L−j
)
, if j˜L < j ≤ 2j˜L,
0, if j > 2j˜L.
(8)
We can now prove the following Proposition:
Proposition 1 The binomial price Cdi−digital(s0, K, T, L, n) of a down-and-in digital
call option with barrier L < K < s0 is equal to
Cdi−digital(s0, K, T, L, n) = e−rT
2j˜L∑
i=jK
(
n
2j˜L − i
)
pi(1− p)n−i. (9)
Proof. Let us denote with G(Sn,j) the payoff of a digital call option at node Sn,j,
i.e.
G(Sn,j) =
{
1, if Sn,j ≥ K,
0, if Sn,j < K.
(10)
So the price at time 0 of a down-and-in digital call option is equal to
Cdi−digital(s0, K, T, L, n) = e−rTE[G(SnT ) · 1∃ i≤n,∃ l≤i:Si,l=s0uldi−l≤L˜]
= e−rT
n∑
j=0
E[G(SnT )1SnT=Sn,j1∃ i≤n,∃ l≤i:Si,l=s0uldi−l≤L˜] =
n∑
j=jK
pid(n, j, j˜L)
= e−rT
n∑
j=jK
[(
n
j
)
pj(1− p)n−j1j≤j˜L +
(
n
2j˜L − j
)
pj(1− p)n−j1j˜L<j≤2j˜L
]
= e−rT
2j˜L∑
j=jK+1
(
n
2j˜L − j
)
pj(1− p)n−j, (11)
where the last equality comes from the fact that here we suppose L < K (i.e.
j˜L < jK) and as a consequence one has that the contribution due to the first sum
vanishes. So the proof is complete. 
We now derive the price of a down-and-out digital call option with L > K, that
we call Cdo−digital(s0, K, T, L, n), as the difference between the binomial price of the
vanilla digital call option and the binomial price of the down-and-in digital call
option with L > K.
Let us start from the binomial price of the vanilla digital call option, that we denote
with Cdigital(s0, K, T, n). Let us call with pi(n, j) the price at time 0 of a security
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which pays one unit at time T if the asset price is equal to Sn,j = s0u
jdn−j and
otherwise nothing, i.e.
pi(n, j) = e−rTE[1SnT=Sn,j ] = e
−rT
(
n
j
)
pj(1− p)n−j.
We denote as before with G(Sn,j) the payoff of a digital call option at node Sn,j, see
(10). So the price at time 0 of a vanilla digital call option is equal to
Cdigital(s0, K, T, n) = e
−rTE[G(SnT )] = e−rT
n∑
j=0
E[G(SnT )1SnT=Sn,j ]
=
n∑
j=jK
pi(n, j) = e−rT
[
n∑
j=jK
(
n
j
)
pj(1− p)n−j
]
.
(12)
Now from the proof of Proposition 1 we know that the binomial price of a down-
and-in digital call option with L > K (i.e. j˜L > jK) can be written as
Cdi−digital(s0, K, T, L, n)
= e−rT
[
j˜L∑
j=jK
(
n
j
)
pj(1− p)n−j +
2j˜L∑
j=j˜L+1
(
n
2j˜L − i
)
pj(1− p)n−j
]
,
(13)
so we can state the following result:
Proposition 2 The binomial price Cdo−digital(s0, K, T, L, n) of a down-and-out dig-
ital call option with barrier L > K is equal to
Cdo−digital(s0, K, T, L, n) = e−rT
[
n∑
i=j˜L+1
(
n
i
)
pi(1− p)n−i
−
2j˜L∑
i=j˜L+1
(
n
2j˜L − i
)
pi(1− p)n−i
]
.
Proof. The price Cdo−digital(s0, K, T, L, n) of a down-and-in digital call option with
L > K is then obtained by subtracting the price Cdigital(s0, K, T, L) given in (12) to
the price Cdi−digital(s0, K, T, L, n) given in (13). 
We now give the explicit coefficients of order 1√
n
and 1
n
in the asymptotic expansion
of the CRR binomial error defined in (3) for the price of digital call options with
barrier L. The idea is to use the closed-form formulas of the binomial prices given
in Proposition 1 and Proposition 2 and then approximate them by using Lemma
4.1 in Lin&Palmer (2013) on the approximation of the binomial distribution by the
normal one.
We can state the following result:
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Theorem 3 In the n-period CRR binomial model, the binomial error ErrCRR(n)
for the prices of European digital call options with barrier L < K is:
• for a down-and-in digital call option:
ErrCRR(n) = e
−rT
[
(A˜1∆
K
n + A˜2∆
L
n)
1√
n
+ (B˜1 + B˜2(∆
K
n )
2 + B˜3∆
K
n ∆
L
n + B˜4(∆
L
n)
2)
1
n
]
+O
(
1
n3/2
)
;
• for a down-and-out digital call option:
ErrCRR(n) = e
−rT
[
(C˜1∆
K
n + C˜2∆
L
n)
1√
n
+ (D˜1 + D˜2(∆
K
n )
2 + D˜3∆
K
n ∆
L
n + D˜4(∆
L
n)
2)
1
n
]
+O
(
1
n3/2
)
.
The list of the constant is postponed in Appendix A.
Proof. Let us consider first the binomial price of the down-and-in digital call option
given in Proposition 1, that is
Cdi−digital(s0, K, T, L, n) = e−rT
2j˜L∑
i=jK
(
n
2j˜L − i
)
pi(1− p)n−i. (14)
From equation (5.1) in Lin&Palmer (2013) we can write (14) as follows
Cdi−digital(s0, K, T, L, n) = e−rT
(
1− p
p
)n−2j˜L2j˜L−jK∑
i=0
(
n
i
)
pn−i(1− p)i. (15)
The asymptotic expansion of (15) is now obtained by applying the asymptotic ex-
pansion (5.7) in Lin&Palmer (2013) of the term (1−p
p
)n−2j˜L and the asymptotic
expansion (5.3) in Lin&Palmer (2013) of the term
∑2j˜L−jK
i=0
(
n
i
)
pn−i(1− p)i.
The asymptotic expansion for the down-and-out digital call option is now straight-
forward. In fact it can be derived from the asymptotic expansion for the down-
and-in option and that for the corresponding vanilla option that can be found in
Chang&Palmer (2007). 
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Remark 4 Theorem 3 shows that the contribution of the type 1√
n
in the asymptotic
expansion of ErrCRR(n) is due to the position of barrier and the position of the strike
with respect to the nodes of the tree. In order to obtain an algorithm of order 1
n
, we
need to set ∆Kn = 0 and ∆
L
n = 0. It means that in the log-scale the strike K must
be positioned halfway between two nodes at maturity (i.e. it should be a node of the
penultimate period before maturity) and the barrier L must lie on a layer of nodes
of the tree.
We now state the following result:
Theorem 5 In the n-period CRR binomial model, the binomial error ErrCRR(n)
for the prices of European digital call options with barrier L > K is:
• for a down-and-out digital call option:
Err(n) = e−rT
[
(E˜1 + E˜2∆
L
n)
1√
n
+ (F˜1 + F˜2∆
L
n + F˜3(∆
L
n)
2 1
n
]
+O
(
1
n3/2
)
;
• for a down-and-in digital call option:
Err(n) = e−rT
[
(G˜1 + G˜2∆
K
n + G˜3∆
L
n)
1√
n
+ (H˜1 + H˜2(∆
K
n )
2 + H˜3∆
L
n + H˜4(∆
L
n)
2)
1
n
]
+O
(
1
n3/2
)
,
The list of the constants in postponed in Appendix A.
Proof. By proceeding similarly to the proof of Theorem 3, we need here to find an
asymptotic expansion of the binomial price for a down-and-out digital call found in
Proposition 2. In order to do this we apply (5.7), (5.11) and (5.15) in Lin&Palmer
(2013). The down-and-in case is then obtained by considering the difference of the
asymptotic expansion for the vanilla digital call and the down-and-out digital call.

Remark 6 The term ∆Kn does not appear in the expansion for the down-and-out
option in Theorem 5. The intuitive reason is that in this case L > K and since the
option stays alive if the stock price is above L, and therefore above K, the position
of K has no influence.
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Remark 7 In the error expansions found in Theorem 5 for down-and-in and down-
and-out digital call options with L > K it is not possible to totally vanish the con-
tribution of order 1√
n
by setting ∆Ln = 0 and ∆
K
n = 0. In fact there is a constant
term of order 1√
n
that can’t be nullified. A possibility in order to get an algorithm
of order 1
n
is to set L and K such that ∆Ln = 0 = ∆
K
n and then explicitly calculate
the constant coefficient that multiplies 1√
n
in order to subtract it to the binomial
approximated price.
Theorem 3 and Theorem 5 suggest us how to set the barrier L and the strike K in
the binomial tree scheme in order to get an algorithm of order 1
n
. This theoretical
result is enhanced by the numerical examples presented in Section 4.
Unfortunately, the extension of the previous reasoning for digital double barrier
options is not straightforward because no manageable closed-form formulas of the
CRR binomial prices exist in this case.
A possibility to deal with this issue is to use a completely different approach. We
tried to extend to discontinuous payoffs the theoretical result in Gobet (2001), that
studies the CRR binomial approximation error for double barrier options on a generic
continuous payoff function by using PDE techniques. We expected to obtain that the
contribution of order 1√
n
could be explicitly written as dependent on two different
sources: the position of the barriers and the position of the discontinuity point with
respect to the nodes of the tree. Currently we are able to give just an upper bound
of the CRR binomial approximation error in this more complex case, however we
address it to a future work.
4 Numerical results
Theorem 3 and Theorem 5 on the asymptotic expansion of the CRR binomial ap-
proximation error, suggest that an algorithm of order 1
n
can be obtained if in the
log-space the lower barrier L lies exactly on a node of the tree (i.e. ∆Ln = 0) and
the strike K is positioned halfway between two nodes at maturity (i.e. ∆Kn = 0).
To this end, we adapt here the Binomial Interpolated Lattice introduced in Ap-
polloni et al. (2013) (BIL) for pricing digital options with a single barrier. The
BIL procedure is an efficient algorithm for the pricing of double barrier call and put
options that we now briefly recall. The idea is to define the time step ∆t of the
algorithm such that in the log-space the lower barrier L and the higher barrier H
coincide exactly with two nodes of the tree at maturity. Then, if ∆τ = T
n
is the
standard time step of a CRR tree with n steps, one needs to set
∆t =
(h− l
2kσ
)2
(16)
where
k =
⌈
h− l
2σ
√
∆τ
⌉
(17)
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and
h = logH and l = logL.
We recall here that dxe, for every x ∈ R, denotes the smallest integer not less than
x. Then the time step ∆t defined in (16) is obliged to take some specific values
in order to match both L and H and this implies that T
∆t
/∈ N. In order to arrive
“close to” time 0, one needs to add two further steps of length ∆t in order to get a
fictitious time t0 < 0 and a time t1 > 0 (see Figure 1) so that the number of time
steps of the procedure is set as n
′
= b T
∆T
c+ 2.
Figure 1: Binomial Interpolated Lattice mesh for double barrier options.
Since we do not know a priori if the initial price s0 is a point of the lattice (and in
general it is not), the approximating option price at (0, s0) is provided by suitable
interpolations in time and in space involving the prices, which are computed by the
standard backward induction, at times t0 and t2. To be precise we choose in t0 and
t2 the two points below and the two above s0. The price at s0 is obtained by a
Lagrange four points interpolation in space of the prices denoted in Figure 1 with
the empty circles, such prices are obtained by a linear interpolation in time of the
prices at the nodes denoted by squares. For more details one can refer to Appolloni
et al. (2013).
Then, we can easily adapt the BIL algorithm to the case of digital options with
a single barrier. In fact we just need to modify the choice of k defined in (17) and
the time step ∆t defined in (16) such that the barrier L is a node of the tree (in
particular we set it as a node at maturity) and the strike K lies halfway between two
nodes at maturity (i.e. it is a node from the penultimate period). We set k˜ = logK
and then we define the integer k as follows
k =
⌈
k˜ − l
2σ
√
∆τ
⌉
+
1
2
, (18)
11
so that the time step ∆t is now given by
∆t =
(
k˜ − l
2σk
)2
. (19)
The number of time steps of this adjusted procedure, that we call “Adjusted BIL”,
is set as n
′
= b T
∆t
c + 2. In fact the price at time 0 is then obtained by a backward
induction and by proceeding through interpolations in time and in space involving
some specified prices at times t0 = 0 and t2 = 2∆t as for the BIL algorithm.
Remark 8 By using the choice of k as in (18) so that the time step ∆t is defined
as in (19) we are able to construct a mesh in the log-space in which the barrier L is
a node at maturity and the strike K is a node from the penultimate period. But we
stress here that in the Adjusted BIL algorithm it is not enough to build a binomial
mesh between L and K, but we need to extend it above K and this is straightforward.
This is a structural difference with what done in the BIL algorithm for pricing double
barrier options: in this case we just need to setup the mesh between the barriers L
and H.
We now present some numerical results in order to compare the prices for sin-
gle barrier digital options obtained with the standard CRR algorithm and those
obtained with the Adjusted BIL algorithm. In particular we study down-and-out
digital call options in two cases: first, when L < K (Section 4.1); secondly, when
L > K (Section 4.2). The down-and-in case provides similar results, so we omit it.
4.1 Down-and-out digital call option with L < K
We consider a down-and-out digital call option with lower barrier L = 60, strike
K = 100 and initial stock value equal to s0 = 150. The other parameters are:
r = 0.1, σ = 0.25 and T = 1. In Figure 2 we plot the European prices obtained
by using the CRR binomial approximation and the true price calculated with the
Black and Scholes formula, i.e.
CBSdo−digital(s0, K, T, L, r, σ) = e
−rT
[
Φ(d12)− Φ(d22)
(
s0
L
)1− 2r
σ2
]
, (20)
where d12 and d22 are defined in Appendix A and Φ(·) is the standard normal
distribution function. We observe that the binomial price oscillates widely around
the true price and this is due both on the position of L and also on the position of
K with respect to the nodes of the tree. It is clear that the rate of convergence of
the algorithm is of order 1√
n
.
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Figure 2: CRR binomial approximation. Knock-out digital call option with L =
60, K = 100, s0 = 150, r = 0.1, σ = 0.25 and T = 1.
In Figure 3 we plot the prices obtained by using the Adjusted BIL algorithm. We
remark here that in the x-axis we report the number n of time steps corresponding
to the CRR binomial approximation. In fact we recall that in the Adjusted BIL
algorithm we define a new number of time steps n
′
, different from n, but having the
same order of magnitude. Now there are no oscillations and the convergence is of
order 1
n
: the oscillations due L and K disappear and the convergence is monotone.
Figure 3: Adjusted Binomial Interpolated Lattice. Knock-out digital call option with
L = 60, K = 100, s0 = 150, r = 0.1, σ = 0.25 and T = 1.
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In Table 1 we report the prices obtained with the CRR algorithm and the Adjusted
BIL algorithm. In the first column we write the number n of time steps of the CRR
binomial approximation. The true price is calculated by using the Black and Scholes
formula given in (20).
L < K < s0
n CRR True Adjusted BIL
100 0.883147 0.878791
200 0.879006 0.878732
400 0.880340 0.878667 0.878700
800 0.876786 0.878684
1600 0.878863 0.878676
3200 0.877873 0.878671
Table 1: Knock-out European digital call options prices with L = 60, K = 100,
s0 = 150, r = 0.1, σ = 0.25 and T = 1.
4.2 Down-and-out digital call option with L > K
We now consider a down-and-out digital call option with strike K = 60, lower
barrier L = 100 and initial stock price s0 = 150. The other parameters are: r = 0.1,
σ = 0.25 and T = 1. In Figure 4 we plot the European CRR binomial prices and
the true price that is given by the following Black and Scholes formula
CBSdo−digital(s0, K, T, L, r, σ) = e
−rT
[
Φ(d32)−
(
s0
L
)1− 2r
σ2
Φ(d42)
]
, (21)
where d32 and d42 are defined in Appendix A.
We observe that in this case the oscillations are fewer than the case L < K and
this is due to the fact that the position of the strike K has no influence in the
error expansion. In fact the option stays alive when the stock price is above L and
therefore above K, so the position of K with respect to the nodes of the tree has no
influence. Then the term of order 1√
n
is only due on the position of L, as remarked
in Theorem 5, and a constant term. However, from the numerical computations it
turns out that the constant term is of order 10−3, so it really does not affect the
error. But the convergence is still slow, i.e. the CRR algorithm has order 1√
n
.
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Figure 4: CRR binomial approximation. Knock-out digital call option with K = 60,
L = 100, s0 = 150, r = 0.1, σ = 0.25 and T = 1.
In Figure 5 we plot the European prices obtained with the Adjusted BIL algorithm
and the Black and Scholes price given in (21). We observe that here the convergence
is monotone because the binomial mesh is constructed such that the lower barrier
L lies exactly on a layer of nodes. Then the procedure is of order 1
n
.
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Figure 5: Adjusted Binomial Interpolated Lattice. Knock-out digital call option with
K = 60, L = 100, s0 = 150, r = 0.1, σ = 0.25 and T = 1.
In Table 2 we report the European prices of a down-and-out digital call option
with lower barrier L > K obtained with the CRR algorithm and the Adjusted BIL
algorithm. As usual, n denotes the number of time steps of the CRR binomial
approximation. The true price is calculated by using the Black and Scholes formula
given in (21).
K < L < s0
n CRR True Adjusted BIL
100 0.855913 0.844983
200 0.846415 0.845304
400 0.849497 0.845484
800 0.846188 0.845659 0.845571
1600 0.846107 0.845615
3200 0.846252 0.845637
Table 2: Knock-out European digital call options prices with K = 60, L = 100,
s0 = 150, r = 0.1, σ = 0.25 and T = 1.
Remark 9 The theoretical proof that the rate of convergence of the Adjusted BIL
algorithm is of order 1
n
is a direct consequence of Proposition 1 in Appolloni et al.
(2013), Theorem 3 and Theorem 5. In fact, in the Adjusted BIL algorithm we get
the price in (0, s0) by suitable interpolations of some selected CRR prices at times t0
and t2, as in the standard version of the BIL algorithm (see Figure 1). But the in-
terpolation rule preserves the error committed by approximating the continuous-time
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prices at the selected nodes by the CRR ones. So if the CRR binomial approximation
error at these nodes is of order 1
n
, than the Adjusted BIL algorithm is still of order
1
n
.
5 Conclusions
We give here an explicit asymptotic expansion of the approximation error related
to the standard CRR tree for pricing digital options with a single barrier. The
theoretical results suggest us how to set a binomial algorithm such that the worst
contribution term in the error expansion, that is of order 1√
n
(where n ∈ N is the
number of time steps of the algorithm), is nullified. We get an efficient lattice pro-
cedure enhanced by numerical examples.
The extension of the reasoning to the case of double barrier digital options is not
straightforward. Our idea is to use a different approach, based on PDE techniques,
in order to study theoretically the CRR binomial approximation error. We found an
upper bound of the error, but the result is still partial, so we address it to a future
work.
Acknowledgments The authors thank Professor L. Caramellino and Professor A.
Zanette for the useful comments and their valuable assistance and Professor K.
Palmer for participating in discussions.
17
Appendix A
We report here the list of the constants that appear in Theorem 3 and Theorem 5:
d11 =
log s0
K
+ (r + 1
2
σ2)T
σ
√
T
, d12 = d11 − σ
√
T ,
d21 =
log L
2
s0K
+ (r + 1
2
σ2)T
σ
√
T
, d22 = d21 − σ
√
T ,
d31 =
log s0
L
+ (r + 1
2
σ2)T
σ
√
T
, d32 = d31 − σ
√
T ,
d41 =
log L
s0
+ (r + 1
2
σ2)T
σ
√
T
, d42 = d41 − σ
√
T ,
α =
r − 1
2
σ2
2σ
, αˆ = α +
σ
2
,
β =
σ4 − 4σ2r + 12r2
48σ
, βˆ = −β − σr
6
,
gˆi = 2T (αˆ
2di1 + βˆ
√
T ) +
(
2αˆ
√
T
3
− di1
12
)
(1− d2i1), i = 1, 2, 3, 4
gi = 2T (αˆ
2di2 + βˆ
√
T ) +
(
2αˆ
√
T
3
− di2
12
)
(1− d2i2), i = 1, 2, 3, 4
G1 =
s0√
2pi
e−
d211
2 (gˆ1 − g1), G2 = s0√
2pi
(
s0
L
)−1− d221
2
e−
d221
2 (gˆ2 − g2),
G3 =
s0√
2pi
e−
d231
2 (gˆ3 − K
L
g3), G4 =
s0√
2pi
e−
d231
2 (gˆ4 − K
L
g4),
A1 = 4
√
Th1(d21, d22), A2 = 4
√
Th1(d41, d42) +
2x0√
2pi
e−
d231
2
(
1− K
L
)
,
A3 = 4
√
T (h1(−d41,−d42)− h1(−d21,−d22))− 2s0√
2pi
e−
d231
2
(
1− K
L
)
,
hi(x, y) =
(
s0
L
)− 2r
σ2
(
D
(
r + σ
2
2
2σ
)i
Φ(x)− s0Ke
−rT
L
(
r − σ2
2
2σ
)i
Φ(y)
)
,
for i = 0, 1, 2,
B1 = G1 −G2 + Ih0(d21, d22), B2 = B1 −G1,
B3 = G3 −G4 + Ih0(d41, d42), B4 = B3 −G1,
B5 = G2 +G3 −G4 + Ih0(−d21,−d22)− Ih0(−d41,−d42), B6 = B5 −G1,
I =
(
4β + 16
3
α3
σ
)
log
(
s0
L
)
T,
C1 =
2s0√
2pi
(
s0
L
)−1− 2r
σ2
e−
d221
2 σ
√
T ,
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C2 =
s0√
2pi
e−
d231
2
(
d31 − K
L
d32
)
,
C3 =
s0√
2pi
e−
d231
2
(
d41 − K
L
d42
)
, C =
1
2
(C2 − C3),
D1 =
s0
2
√
2pi
e−
d211
2 σ
√
T − C1
4
, D2 =
C1
4
, D3 = D1 +D2,
E1 = 8Th2(d21, d22) + C1, E2 = 8Th2(d41, d42) +
1
2
(3C2 + C3),
E3 = 8T (h2(−d21,−d22)− h2(−d41,−d42))− C1 + 1
2
(3C2 + C3),
A˜1 =
(
s0
L
)1− 2r
σ2 e−
d222
2√
2pi
,
A˜2 = −2A˜1 − 4α
√
TΦ(d22)
(
s0
L
)1− 2r
σ2
,
B˜1 =
(
s0
L
)1− 2r
σ2
[
g2
e−
d222
2√
2pi
− IΦ(d22)
]
,
B˜2 =
(
s0
L
)1− 2r
σ2
(
−d22
2
)
e−
d222
2√
2pi
,
B˜3 =
(
s0
L
)1− 2r
σ2 e−
d222
2√
2pi
[2d22 − 4α
√
T ],
B˜4 =
(
s0
L
)1− 2r
σ2
[
e−
d222
2√
2pi
(−2d22 + 8α
√
T ) + 8α2TΦ(d22)
]
,
c1 =
e−
d212
2√
2pi
, c2 = −d12
2
e−
d212
2√
2pi
,
c˜ =
d311 + d11d
2
12 + 2d12 − 4d11
24
+
(2− d11d12 − d211)
√
T
6σ
r +
Td11
2σ2
r2,
c3 = c˜
e−
d212
2√
2pi
,
C˜1 = c1 − A˜1, C˜2 = −A˜2,
D˜1 = c2 − B˜1, D˜2 = c3 − B˜2,
D˜3 = −B˜3, D˜4 = −B˜4,
E˜1 = −n e
− d
2
32
2√
2pi
+
(
s0
L
)1− 2r
σ2 e−
d242
2√
2pi
,
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E˜2 =
e−
d232
2√
2pi
+
(
s0
L
)1− 2r
σ2
(
e−
d242
2√
2pi
+ 4α
√
Φ(d42)
)
,
F˜1 =
e−
d232
2√
2pi
(
g3 − d32
2
2n
)
+
(
s0
L
)1− 2r
σ2 e−
d242
2√
2pi
(
d42
2
2n − g4
)
+ Φ(d42)I
(
s0
L
)1− 2r
σ2
,
F˜2 =
e−
d232
2√
2pi
d32n +
(
s0
L
)1− 2r
σ2
(
e−
d242
2√
2pi
nd42 − 4nα
√
T
)
,
F˜3 = −d32
2
e−
d232
2√
2pi
+
(
s0
L
)1− 2r
σ2 e−
d242
2√
2pi
(
d42
2
− 4α
√
T
)
−
(
s0
L
)1− 2r
σ2
Φ(d42)8α
2T,
G˜1 = −E˜1, G˜2 = c1, G˜3 = −E˜2,
H˜1 = c2 − F˜1, H˜2 = c3, H˜3 = −F˜2, H˜4 = −F˜3.
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